We use Glauber's correlation function function as well as the Green functions formalism to investigate, in the case of a dipolar atomic transition, the causal behaviour of the spontaneously emitted electromagnetic field. We also examine the role played by the longitudinal electric field, which is not described in terms of photonic (transverse) degrees of freedom. We predict the existence of a genuinely quantum memory effect at the level of the near field surrounding the atom, which keeps track of the past excitation and emission by the atom.
Introduction
The question of causality in the spontaneous emission of light by an excited atomic electron has a long history. In his pioneering work, Fermi concluded [12] that, within the framework of the Wigner-Weisskopf approximation (exponential decay), the emitted electric field vanishes outside the light cone centred at the position of the emitting atom and the time at which the emission starts (hereafter simply referred to as 'the light cone'). This result has been amended by Hegerfeldt, who noticed [19] that the absence of negative frequencies from the emitted field prevents causal propagation. Increased interest in the total absorption of a light wave by an atom [15, 27, 32, 16] shines the spotlight on this old problem, since perfect absorption is the time-reversed process of spontaneous emission in a vacuum. Hence, understanding spontaneous emission as well as possible is of strong interest to the quest for total absorption. As we will see, spontaneous emission also provides a simple illustration of the unique character of lightmatter interaction in the near-field regime [21] , a topic that has recently attracted considerable interest.
Recently, spontaneous light emission in the mid-and far-field regions of emission was revisited [7] , confirming Hegerfeldt's objection to Fermi's causal result. We also confirmed Shirokov's intuition [28] that, since the electronic wave functions are of finite extent, the light cone is blurred on a length scale of the order of the Bohr radius, even if one overlooks Hegerfeldt's objections.
To avoid confusion between features that are only apparently noncausal, and features that are indeed noncausal, it is preferable to isolate the Green's function of the problem and study its properties, independently from the specific details of the atomic light source. In so doing, we will establish a clear parallel between the quantum and classical treatments of light emission and highlight the crucial role of the longitudinal component of the emitted electric field for causality, which sheds a new light on standard photodetection theory [31, 14] . Description of light detection and the theory of optical coherence [13] have motivated and justified the use of the so-called Glauber first order correlation function, which can alternatively be interpreted as a single photon wave function [26] , and/or as a single photon electric field [18] .
However, most attention so far has been devoted to the wave functions of free photons in the absence of sources [30] . Notable exceptions, besides our earlier work [7] , are contributions by Sipe [29] and Scully and Zhubairy [26] , wherein it is shown how the causal propagation of spontaneously emitted photons can be established through the photon wave function formalism. This (standard) result is not fully comfortable however because, in those approaches, the quantum Green function that we derive in absence of longitudinal field is essentially equivalent to its classical counterpart, which at the other side results from the joint contribution of transverse and longitudinal fields. This would suggest that the classical-quantum correspondence is not fully verified, a rather suspicious hypothesis, which brought us to study the quantum Green function corresponding to the A.p coupling between the electron and the Maxwell fields and not the E.r coupling as has been done before. In this work, we show that then the picture is more complicated. Our main results are the following: 1) if we resort to the A.p interaction Hamiltonian, there appears at the level of the photon wave function a new source of non-locality, different from the two aforementioned types of non-locality (which essentially amount to a blurring of the causal light cone [7, 5] );
2) in full analogy with what happens in classical electrodynamics, this non-locality is compensated by the instantaneous longitudinal (Coulomb) field generated by the quantum dipole.
3) the mid and far field are very close to those computed, in the standard approach, with the E.r interaction Hamiltonian; but this is not so in the case of the near field. Among others we predict that, even after the emission of the photon, when the atom has returned to the ground state, the near field surrounding the atom remains disturbed by the presence of a remanent static quantum field.
Along the way, our results emphasize the role played by the longitudinal photon wave function, that corresponds to a Coulomb-type electric field in the quantum approach [24, 1, 23] , the presence of which appearing, as is the case in the classical approach, to be a sine qua non condition for causality.
The decay of a two-level atom
As is well-known [7] , when treating the 2p-1s transition in the two-level approximation, in the rotating wave approximation, which is well justified [9] in the case of spontaneous emission in the vacuum, the state vector of the atom-field system at time t ≥ 0 reads
where | e, 0 means that the atom is in its excited state and the field contains no photons and | g, 1 λ,k means that the atom is in its ground state and the field contains a photon of wave vector k and polarisation λ. We assume that the atom is rapidly excited at time t = 0 so that, for t < 0, c e (t) = 0 while c e (t = 0) = 1, and ∀t ≤ 0, ∀k ∈ R 3 ∀λ = ± c g,λ (k, t) = 0.
The equations of motion are given bẏ
In standard approaches the coupling factors G λ (k) = 1s, 1 λ,k |Ĥ I | 2p m 2 , 0 is estimated in the dipolar approximation for the E.r coupling, in which case, denoting ǫ (λ) the direction of the polarization of the e.m. mode, a 0 the Bohr radius, and ω 0 the Bohr frequency (ω 0 =ω e − ω g ), and defining the quantum dipole associated to the transition through
we find (see e.g. sections 1.1., 5.1.2, 6.3 and 10A in Ref. [26] , having in mind that in that reference certain computations were performed over a finite volumus V, finite volumus that we formally took to be equal to 1 here, due to the fact that it actually disappears in the expression of Glauber's correlation function, after taking the limit where V goes to infinity, which is a common procedure in QED)
Due to degeneracy of the 2P level, the 2P state obeys
It can be shown [2] 
) where the ξ m 2 are given by
In the A.p coupling, the coupling G λ (k) = 1s, 1 λ,k |Ĥ I | 2p m 2 , 0 can be computed exactly [11] (see also Ref. [5] , section 6.1.4); it reads, if the 2P state is one of the three states defined through (5)
which shows that in the dipolar approximation, the A.p and E.r matrix elements differ by a dimensionless factor ck/ω 0 . This is a well-known feature (see e.g. Ref. [26] , section 5.1.3), very general and valid for any dipolar transition that can also be established by direct computation, making use of the identities
is the Hamiltonian of the electron inside the atom, which contains the kinetic energy and the Coulomb potential generated by the proton.
At resonance, ck = ω 0 , and a 0 ||k|| is of the order of 10 −4 in the case of the 1S-2P transition so that the differences between the various expressions of the matrix element listed above are very small but this is not always so. In particular, the E.r expressions strongly differ for large frequencies from their A.p counterpart, which has far reaching consequences as we shall show.
Single photon (transverse) electric field
The Glauber first order correlation function is written [13, 26] 
whereÊ ⊥ represents the transverse part of the electric field operator defined througĥ
with the photon ladder operators obeying the commutation relations
As is well-established in the standard theory of photodetection [13, 26, 18] , the modulus squared of ψ ⊥ (x, t) in the expression (10) is proportional to the probability of detecting a photon at time t in a detector located at position x and can be interpreted as a kind of photon wave function. In analogy with the classical Poynting density, the photon wave function ψ ⊥ (x, t) can also be interpreted as the single photon electric field generated by the quantum dipole. In the rest of the paper we shall thus, depending on the context, sometimes call ψ ⊥ the photon wave function, and sometimes the single photon (transverse) electric field, keeping in mind that it is a quantum quantity, not to be confused with the average electric field for instance, which is equal to zero in the case of a single photon state. It also differs from the classical electric field by the fact that it is a complex-valued field.
4 Green function (linear susceptibility) formalism.
Arbitrary initial polarisation (A.p coupling).
After integrating (2b) over time to find c g,λ (k, t), one gets, making use of (10), an expression of the photon wave function (or single photon electric field) ψ ⊥ (x, t) in function of c e (t ′ ) [26] .
The expression of ψ ⊥ (x, t) has been established in the past for the A.p coupling [5, 7] . In order to compare the single photon electric field generated by the quantum dipole (10) with its classical counterpart it will be useful to reformulate it, in a frame independent way, which gives
where µ g−e. ≡ ||µ g−e. || µ g−e. , while the 3x3 matrix ← → M is defined through
To compare our results to their classical counterpart, in a Green function approach, let us define a quantum Green function, by rewriting equation (13) in the form
where
can be seen to represent the quantum electric field generated, at time t and location x by a (complex) dipole located at the origin (x = 0), at time t ′ and oriented along µ g−e. . This dipole is characterised by a (complex) amplitude c e (t ′ ) e −iω 0 t ′ for t ′ ≥ 0 and 0 otherwise. We get thus
where we introduced the Heaviside function Θ to recall that by construction we do not take account of influences from the (classical) future (t ′ > t).
Classical Green function for dipole emission.
In the framework of Maxwell's theory, the Green function associated to the field radiated by a dipole is also well-known: in a linear susceptibility approach, one finds [20, 24] that the electric field response to a dipolar excitation located at the origin of the spatial system of coordinates obeys (in the harmonic regime)
with ω/k = c.
Taking the temporal Fourier transform of (17), and leaving aside the Dirac delta contribution which expresses the electric field generated by the classical dipole at its own location, we get the linear susceptibility in function of space and time:
. The Green function (19) obviously respects causality, due to the presence of the causal delay δt = t − t ′ = ||x|| /c [3] .
In order to separate the the transverse and longitudinal responses of the Green function, it is necessary to pass to the momentum space where, making use [4] of the projectors I − k k and k k which respectively project plane waves onto their transverse and longitudinal components:
By doing so, one finds [1, 8] that the linear susceptibility (in harmonic response), expressed in direct space through (17) obeys the
In direct space, and in function of time, we get (again leaving the Dirac-delta singularity at
Both the transverse and the longitudinal Green functions possess in the near field an instantaneous component corresponding to a static dipoleà la Coulomb, opposite in sign however, so that they exactly cancel each other, which explains why the full response (17) is still causal.
Comparison with classical results: E.r coupling.
Injecting into (16) the E.r coupling factor (4), we obtain the "standard" quantum Green function (see Ref. [26] , complement 10A, for a similar derivation in the case of the far field, also in the dipole approximation)
Extending the domain of integration of k to minus infinity and making use of the identities
(1) (u) and
(2) (u), we finally get
Comparing (19) and (24), it is seen that the quantum Green function and the classical Green function are essentially the same function at this level of approximation.
Remark that only outgoing waves of the type e +ik||x|| contribute to the Green function (through ← → M (14)), the contribution of ingoing waves e −ik||x|| being cancelled by the Heaviside function Θ(t − t ′ ). This is a very appealing result in the sense that it establishes that the quantum e.m. field remains confined inside the light cone, a result known since Fermi [12] . However it remains an approximated result. In the next section we shall consider what happens if we use the A.p expression of the coupling instead of its E.r counterpart.
5 New results: A.p coupling.
Quantum Green function in the A.p coupling at the dipolar approximation.
The factor 1/ 1 + in (6) can actually [5] be interpreted as a cut off at frequencies larger than ν cut−of f ≈ a 0 /c. Its implications have already been studied by us in detail in the past, in the case of the mid and far fields [7, 5] , for which we showed for instance that it results in a blurring of the light cone, exponentially decreasing in space over a distance of the order of the Bohr length a 0 [7, 5] . To simplify the discussion we shall thus formally displace the cut-off frequency to infinity ( 1 + 2 3 a 0 ||k|| 2 2 = 1). In other words, in the rest of the paper, the A.p coupling factors are computed in the dipolar approximation (7). Accordingly we shall also integrate over negative frequencies, which means that we are not interested here in describing a blurring of the light coneà la Hegerfeldt. We get then, instead of (16)
which, in agreement with (9), differs from its E.r counterpart (23) by a factor ω 0 /k.c in the integrand.
The mid and far field contributions to the quantum Green function can be easily computed as in the "standard" situation, making use of the identities
(1) (u). However, in the present case (A.p coupling), the near field contribution to the quantum Green function is proportional to the integral
3 e −ik||x|| − e ik||x|| , singular at k = 0, which must be tackled differently. Making use of the identity
, it is easy to show that this integral is proportional to
Therefore the near field also contains contributions which are entirely outside the causal past of (x, t) (but inside its classical past t ′ ≤ t) and we finally get
) estimated at u = 0, with P rim(f (u)) the primitive of f .
A.p coupling: Comparison with standard and classical results
We now see that in the dipolar approximation the quantum Green function in the A.p coupling differs from its classical counterpart (17) , and also from the standard quantum Green function in the E.r coupling (23) by global multiplicative constant factors, but also by a shift in the order of derivation. Now, because the amplitude c e depends exponentially on time [9] , according to the Wigner-Weisskopf prediction (c e (t)e −iω 0 t ≈ e −iΩ 0 t with Ω 0 = ω 0 − i(Γ/2)), the standard (E.r) and A.p electric mid and far fields are proportional to each other.
For instance, in the dipolar approximation, the single-photon far field obeys
in the E.r coupling, while, in the A.p coupling, it reads
The standard and A.p electric mid and far fields are thus proportional to each other (up to a factor (ω 0 /Ω 0 )):
In the weak coupling regime, (ω 0 /Ω 0 ) is very close to unity (ω 0 /Γ ≈ 10 3 for the 1S-2P transition), which shows that for what concerns the mid and far fields, in the dipolar approximation, the classical (19) , standard E.r (24) and A.p (26) Green functions are essentially the same object.
However this is is not so in the case of the near field, due to the presence of a near field contribution proportional to δ (−1) (t − t ′ ). In order to properly estimate the near field contribution we firstly need to estimate the primitive P rim(f (u)) with f proportional to e −iΩ 0 t . This primitive is defined up to an additional constant which we fix by requiring that for short positive times the single photon electric field is close to zero, by continuity (integrating (2b) over time with c e continuous by pieces over time guarantees the continuity over time of the photon wave function).
This leads to
The (transversal) near field thus obeys
the integration over t ′ runs from t ′ = t − ||x|| /c to t ′ = t if we consider (x, t) inside the causal light cone (originating from the event corresponding to the sudden excitation of the atom (x = 0, t = 0)). It runs from t ′ = 0 to t ′ = t outside. Therefore
which does not cancel outside the causal light cone. Note that these results perfectly match those obtained in the past making use of an alternative approach based on complex calculus and residues technique [5] . The novel feature of this paper is that we restore causality in entire analogy with the classical case.
Restoring causality.
By a direct comparison of (26) with (22), we remark that the classical transverse Green function and the quantum "transverse" (photonic) Green function (in A.p coupling) are essentially equivalent, provided we identify the "quantum source term" with the primitive in time of the quantum dipole. Having in mind that in quantum optics the longitudinal field is not quantized but is on the contrary treated classically [22] , we conclude that, similar to what happens in Maxwell's theory, it is sufficient (and necessary) in order to restore causality to introduce an instantaneous longitudinal field (19) with the same source term as for the transverse field. This means that we add to the transverse quantum field (always leaving aside a Dirac delta at the origin which is irrelevant for the discussion) an instantaneous quantum longitudinal field
−iΩ 0 t ) inside and outside the light cone. After cancellation of the longitudinal and transverse contributions to the instantaneous near field (which only happens outside the light cone), we find that the resulting field is well confined inside the light cone, so that causality is respected:
A new feature appears at this level however: contrary to the mid and far field which are proportional to each other, the single photon electric near field is no longer proportional to e −iΩ 0 (t−||x||/c) but it is proportional to e −iΩ 0 (t−||x||/c) − 1, due to the presence of an additive integration constant (that we fixed by imposing the continuity of the transverse field for short times). Accordingly, we find now that
Another effect, even more surprising, is the appearance of a remanent static field inside the causal light cone equal to θ (− ||x|| + ct)
µ eg , still present a long time after the atom returned to the ground state. We are forced to interpret this prediction as follows: the e.m. field surrounding the atom "remembers" that the atom was excited and emitted a photon in the past, and a static field survives in the near field domain, disturbing the e.m. environment of the atom, a priori forever, or at least until another excitation takes place...
In order to estimate the magnitude of the effect, let us integrate the corresponding Poynting energy density beyond a minimal radius around the atom. At this stage it is prematurate to be categoric about the value of this minimal radius but it is reasonable to assume a value intermediate between a 0 and 2πc/ω 0 (having in mind that the aforementioned Hegerfeldt and Shirikov cut-offs wash away spatial frequencies larger than 1/a 0 ). If we take this radius to be their geometric mean a 0 · 2πc/ω 0 we get δE nearf ieldmemory = ǫ 0 2π 3
the order of, roughly, 10 −4 eV. Under the simplifying hypothesis that the effect is cumulative, and treating energy classically, we see that of the order of 10 5 excitations followed by spontaneous emissions are necessary before it becomes significative. Treating the quantum Poynting density as a probability density, we arrive to the same result but this time our prediction is of statistical nature. At this level, due to the hybrid nature of the density, which contains a classical (longitudinal) part and a photonic (transverse) part as well, it is not clear which approach to privilege here. In the conclusion we propose to relate this effect to photobleaching.
Conclusion
There appear substantial differences between the A.p expression (26) and its "standard" (E.r) counterpart (24) ; both expressions differ by the presence of an instantaneous response to the source term. (26) also differs from its classical counterpart (22) (where such an instantaneous transverse field is nevertheless present) in the sense that the role of the source term appears here to be played by the primitive over time of the amplitude of the quantum dipole. In order to restore causality it is necessary 2 , in full analogy with the classical situation, to add 2 One of us proposed in the past [5] to add to the transverse field the longitudinal field having as a source term c e (t ′ ) e
−iω0t
′ and not its primitive
′ − 1). By doing so, the instantaneous Coulomb-like dipolar near to the transverse near field the longitudinal near field (equivalent to the classical Coulomb dipolar electric field (19) , derived classically, but with the same quantum source term as for the quantum transverse field).
Our computation shows that it is necessary to take account of both contributions (longitudinal plus transverse) in order to guarantee that causality is satisfied, due to the fact that, just as in the classical treatment they will exactly cancel the non-causal part of the near field.
It could seem to be strange, at first sight, that we have to add a classical contribution to the quantum Green function in order to ensure causality, but it is common in QED to attach the longitufinal electro-magnetic field to the sources and to treat it as a classical quantity while the transverse field alone is quantized.
What remains strange however is the cancellation of a part of the photonic transverse field by the longitudinal field which is never interpreted in terms of photons [22] . At least our derivation emphasises the necessary coexistence of supposedly classical (longitudinal) and quantum (transverse) degrees of freedom, which could be expressed through the following paradox: either the probability of having a click in a photodetector results from the interference of transverse and longitudinal fields, or causality is violated. This view contradicts an apparently widely accepted opinion according to which ..."only transverse fields can be self-perpetuating fields (i.e. radiation fields that keep existing even if their source disappears"...
(quotation from Ref. [10] ). We hope that a fully relativistically covariant formulation of the problemà la Gupta-Bleuler [17] could contribute to transcend the apparent paradox, but presently this is an open question.
In any case, our computations establish that the near field (30) predicted in the quantum approach differs from its classical counterpart. It is out of the scope of the present paper to investigate in depth experimental tests of our predictions, but it is worth concluding the paper by having a first glance at them.
-A first test of our predictions would consist of measuring the near field of the atom for short times, directly after the excitation, for which it has been shown (30) to differ from its classical and standard (E.r) counterparts. This requires however to reach a high temporal accuracy, of the order of the inverse of the Bohr frequency (e.g. 4 · 10 −16 second in the case of the 2P-1S transition), and to have access to the near field around the atom(s).
-Another way to experimentally confirm our new predictions would be to test the presence of the strain caused by the aforementioned memory effect. For instance, we expect that numerous excitations, always along the same direction of polarisation, will lead to a fatigue, a photobleaching effect in case that a fluorophore is repeatedly excited along the same excited state. If we impose another history during the excitation process, photobleaching ought to diminish, which is a testable effect. Actually, a similar observation has been reported in the past (regarding laser damaging) [25] . One possible test consists of submitting the fluorophore to either a repetition of π Rabi pulses, or to alternated π and 3π pulses. Intuitively we predict that, in presence of the aforementioned memory effect, mutual compensations would occur between the field disappears inside the light cone and, instead of (30) we get, inside the light cone, ψ A.p−dip.near (x, t) = ψ E.r−dip.near (x, t). However an instantaneous static field survives outside the light cone (but is gradually swept out to infinity during the emission process [8] ). In this alternative approach, the price to pay is that causality is violated, but the benefit is that no remanent near field survives after the emission process.
π and 3π pulses in the second case so that the photobleaching would occur later, compared to the first situation (π pulses only)... Such experiments would make it possible, focusing on the near field emission, to discriminate between the quantum and classical Green functions which otherwise are equivalent FAPP in the mean and far field regimes. It would also reveal a specific signature of the A.p coupling, because the predicted effect is totally absent in the case of E.r coupling.
If the memory effect predicted above appears to be confirmed experimentally, the door would be open to numerous investigations, because it could possibly play a role in phenomena such as photobleaching as we mentioned before, but also laser damaging, sonoluminescence, photochemistry, photosynthesis and so on. The existence of a memory effect at the atomic level could also present interesting applications regarding information storage and manipulation, but this is another story.
